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Summary up to now G(%-D
& Topics from now on

* Modeling: How to represent systems with transfer
functions (s-domain).

* Analysis: How to extract time-response information
from s-function.
» Steady-state error depends on TF evaluated at s=0.
(to be covered later)
 Stability and transient depends on pole locations.
* Frequency responses contain all these information.

* Design: How to obtain “nice” closed-loop system.
e System’s freq. responses can be shaped in Bode plot.



What is frequency response? G(%-D

r(t) = Asinwt y(t)
/\ : I’\ //\ yss(t)
/) \V Stable linear N2
J|  system g

 We would like to analyze a system property by
applying a sinusoidal input r(t) and observing a
response y(t).

 Steady state response yss(t) (after transient dies

out) of a system to sinusoidal inputs is called
frequency response.



A simple example G(%'D

 RC circuit

() C o y(t)

:RCs-I—l

* Input a sinusoidal voltage r(t)
* What is the output voltage y(t)?



An example (cont’d) C-%-D
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* r(t)=sin(t)
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At steady-state, r(t) and y(t) has same frequency,
but different amplitude and phase!



An example (cont’d) C-%D

* Derivation of y(t)

Y(s) = G(s)R(s) = - 1 : 1 4 ( 1 —s + 1)

1 g2 :\
P
1

y(t) = 5 (e_\’i— cost + sin t)
0 as t goes to infinity.

* Inverse Laplace artial fraction expansion

1 N .
— Yss(t) = 5(—cost-|—5|nt) _ﬁsm(t—% )

(Derivation for general G(s) is given at the end of lecture slides.)

7



Response to sinusoidal input C%D

* What is the steady state output of a stable linear
system when the input is sinusoidal?

{E {} y(t) yss(t)
! G(S) I / \.\ // \.\/ >

« Steady state output yss(t) = A|G(jw)|sin(wt + /G(jw))
* Frequency is same as the input frequency W

- Amplitude is that of input (A) multiplied by |G (jw)|
* Phase shifts /G (jw) Gain




Phase shift C'%'D

— 1 G(s)
E* ->i Tshift i
S >
Tperiod

Lonigr _ —/G(jw) - /G(iw) = — Tshi ft  360°

Tpem’od 360° Tpefr?jod




Revisit example G(%-D

* How is the steady state output of a stable linear
system when the input is sinusoidal?

y(t)

1 /‘\\v /‘\\
G(s) = —— NN
r(t) =sint —— s+ 1l p—
w=1
t) = 1 in(t —45°
yss(t) = ﬁ sin(t — . )
ot ZG(]-l)
G- Phase
, ] Gain /G(-1) = /37
GG D = || —/1-/G+1)
— 1 — 1 =0 —450°
J+1 V2




Another example G(%'D

* How is the steady state output of a stable linear
system when the input is sinusoidal?

y(t) ~ ~

[ Iy 1\
5 ——

r(t) = 7 cos 3t S12 \y oYy
w=3
yes(H) =7 > cos(3t+ 0. ) ,/;’3
ssS\tJ — ' oo ~— AN
& /[ G(5-3) 2
|G (j-3) [G(j-3) = Zgr,j_|_2
Gain Phase =L5-B+2)

=0 _tan‘lg
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Frequency response function G-(%-D

* For a stable system G(s), G(jw) (w is positive) is
called frequency response function (FRF).

* For each w, FRF takes a complex number G(jw),
which has a gain and a phase.

* First order example Im
G(s) = : m G(jw) = - : “ 1 o
s+1 jw+1
G(jw)| = —— I e

=) V14 w?

/Gljw) =/(1) - /(jw+1)=-tan" 1w
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First order example (cont’d) G(%-D

* FRF G(jw)= °
Jw+ 1 frequency | gain phase
w IGGw)| | £G(jw)
0 1 0°
0.5 0.894 | —26.6°
1.0 0.707 —45°
00 0 —90°

* Graph representing FRF
* Bode diagram (Bode plot)

(this course puts a lot of emphasis on Bode plot for analysis and design)
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Another example of FRF G%'D

e Second order system

2

G =

(5) s2 43542

CUe) = P ¥ 3G 42 2- w2+ 3

-

G| = - N
\/(2 — w?)? + 9w?

< 3w |ans

[Gljw) = /(2)=/(2-w?+j 3w)
— -1_ 3w

" —tan > _ 2 2 —w? Re
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Bode plot (Bode diagram) of G(ja))c‘t%'D

* Bode diagram consists of gain plot & phase plot

2010910 |G(jw)| (dB)

10
B 1% hmo w (rad/s)
LG(jw) (deg) >og—scale
_98 0.1\1< 100 w (rad/s)
180
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Bode plot of a 1st order system C-%D

e TF d33 /Corner frequency
F L F ?' F F F F FFFFFFF
1 |
G(s) = 10 } 20dB/cecade
Ts—+1 20 G(s) = »
B30~
| o
1
G(jw) = - 5(1)0'
Jjwil' 41 deg
{ 1 ifl>»wl O
~ -20
~ .
jor 1< w:[l45'4° .........
-60
_90'80 Rk bl s

100
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Bode plot of a 1st order system, cont’d G%'D
- determining values from annotations

S) = IR
S o= Awoe
1+ — ‘H(S)‘ LN\ :;’
(1)0 | A
Wo | —20dB/dec
0° _ 10 :
——
A\ )
fi s \\j’
—45°%/dec 1 N\ ZI0°
u'} 10w,
Maximum Error @ w, = 3dB ?
Maximum Error @ ¢ & 10w, = 5.7°
Exact Phase: — tan™* (w%) , Vw "



Exercises of sketching Bode plot C-%D

* First order systems

1
) G(S)zs+1
2
b} 6() =577
5
) G =557
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Remarks on Bode diagram G(%-D

* Bode diagram shows gain and phase shift of a
system output for sinusoidal inputs with various
frequencies.

* Bode diagram is very useful and important in
analysis and design of control systemes.

* The shape of Bode plot contains information of CL
stability, time responses, and much more!

* It can also be used for system identification. (Given
FRF experimental data, obtain a transfer function
that matches the data.)
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System identification C-%-D

* Sweep frequencies of sinusoidal signals and obtain
FRF data (i.e., gain and phase).

 Select G(s) so that G(jw) fits the FRF data.
Agilent Technologies: FFT Dynamic Signal Analyzer

Generate sin signals Collect FRF data

Select G(s)

Fl RGO
A o, . 9O, @ A

| v v Unknown | U U

system

Sweep frequencies
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Summary G(%-D

* Frequency response
» Steady state response to a sinusoidal input

* For a linear stable system, a sinusoidal input generates a
sinusoidal output with same frequency but different
amplitude and phase.

* Bode plot is a graphical representation of frequency
response function. (MATLAB command “bode.m”)

* Next, how to sketch Bode plots
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Appendix q%-)
Derivation of frequency response
Y(S) - G(S)R(S) - G(S)S2il|—ww2 - S —ﬁljw I S f2j(.(.) @

Term having denominator of stable G(s)

, Aw AG —Jw
k1= lim (s+jw)G(s) 2 5 = G( ]w) - ( '] )
. il +w —23&) 2]
o | Aw _w AG(jw)
ko = slTw(S_jw)G(S)sz + w? G(jw)ij 23

\

_ _ 0 as t goes to infinity.
w— Y(t) = k1e 7Y 4 kel -I-W}
oJ Wi+ /G(jw)) _ p—i(wt+/G(jw))
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sin(wt + /G(jw))

) yss(t) = A|G(jw)]
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Appendix q%-)
Complex numbers (review)

* Representation
e Cartesian form

c=a-+ by
* Polar form 0
c = re’

b

C
[ /c=0 |

Re

* Multiplication & division in the polar form

€1
2

N

> -

J

C1€2

2
€2

71 Tzej(gl +92)
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Appendix c{ﬁa
Why deg(den)>=deg(num)?
e All the transfer functions we encountered so far
have the property deg(den) > deg(num)

EX: 1 K K8+z
Ms?2+Bs+ K Ts+1 S+p

 What if deg(num) is larger than deg(den)?

* Then, ,
- G(jw)| = 00 as w — oo

 However, there is no such system in reality that has
increasing gain as input frequency increases to infinity.

* That is why all the transfer function needs to meet
deg(den) > deg(num)
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